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bX)' Abstract 

2 ; 

In this paper, we obtain a Cartan type identity for curvature- adapted isoparametric 
hypersurfaces in symmetric spaces of compact type or non-compact type. This iden- 
tity is a generalization of Cartan-D'Atri's identity for curvature-adapted(=amenable) 
isoparametric hypersurfaces in rank one symmetric spaces. In the case where the 
, ambient symmetric space is of compact type, the proof is performed by showing the 

minimality of a focal submanifold of the hypersurface, where we note that the mini- 
mality is shown by investigating the lift of the focal submanifold to a Hilbert space 
i-^H ' through a Riemannian submersion in the case where the rank of the symmetric space 

is greater than one. In the case where the ambient symmetric space is of non-compact 
type, the proof is performed by showing the minimality of a focal submanifold of the 
complexification of the hypersurface, where we note that the minimality is shown by 
investigating the lift of the focal submanifold to an infinite dimensional anti-Kaehlerian 
space through an anti-Kaehlerian submersion in the case where the rank of the sym- 
' metric space is greater than one. 

in 
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1 Introduction 

An isoparametric hypersurface in a general Riemannian manifold is a complete connected 
hypersurface whose sufficiently close parallel hypersurfaces are of constant mean curvature 
(see [HLO] for example). It is known that all isoparametric hypersurfaces in a symmetric 
space of compact type are equifocal in the sense of [TT] and that, conversely all equifocal 
hypersurfaces are isoparametric (see [HLO]). Also, it is known that all isoparametric hy- 
persurfaces in a symmetric space of non-compact type are complex equifocal in the sense 
of [Koi2] and that, conversely, all curvature-adapted complex equifocal hypersurfaces are 
isoparametric (see Theorem 15 of [Koi3]), where the curvature- adaptedness implies that, 
for a unit normal vector v, the (normal) Jacobi operator R(-,v)v preserves the tangent 
space invariantly and commutes with the shape operator A for v, where R is the curvature 
tensor of the ambient space. It is known that principal orbits of a Hermann action (i.e., 
the action of a symmetric subgroup of G) of cohomogeneity one on a symmetric space 
G/K of compact type are curvature-adapted and equifocal (see ([GT]). Hence they are 
isoparametric hypersurfaces. On the other hand, we [Koi4,7] showed that the principal 
orbits of a Hermann type action (i.e., the action of a (not necessarily compact) symmetric 
subgroup of G) of cohomogeneity one on a symmetric space G/K of non-compact type are 
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curvature-adapted and complex equifocal, and they have no focal point of non-Euclidean 
type on the ideal boundary of G/K. Hence they are isoparametric hyper surf aces. 

For an isoparametric hypersurface M in a real space form N of constant curvature c, 
it is known that the following Cartan's identity holds: 

(1.1) 2^ ___xm A = 

AeSpccA\{A } 

for any Ao € Spec^4, where A is the shape operator of M and Specyl is the spectrum of A, 
m\ is the multiplicity of A. Here we note that all hypersurfaces in a real space form are 
curvature-adapted. In general cases, this identity is shown in algebraic method. Also, It 
is shown in geometrical method in the following three cases: 

(i) c = 0, A / 0, 

(ii) c > 0, Ao : any eigenvalue of A v , 
(hi) c < 0, |A | > v/-c- 

In detail, it is shown by showing the minimality of the focal submanifold for Ao and using 
this fact. 

Let H rx G/K be a cohomogeneity one action of a compact group (c G) on a rank 
one symmetric space G/K and M a principal orbit of this action. Since the //-action is 
of cohomogeneity one, it is hyperpolar. Hence M is an equifocal (hence isoparametric) 
hypersurface (see [HPTT]). In 1979, J. E. D'Atri [D] obtained a Cartan type identity for 
M in the case where M is amenable (i.e., curvature-adapted). On the other hand, in 
1989-1991, J. Berndt [Bl,2] obtained a Cartan type identity (in algebraic method) for 
curvature-adapted hypersurfaces with constant principal curvature in rank one symmetric 
spaces other than spheres and hyperbolic spaces. Here we note that, for a curvature- 
adapted hypersurface in a rank one symmetric space of non-compact type, it has constant 
principal curvature if and only if it is isoparametric. 

Let M be a hypersurface in a symmetric space N = G/K of compact type or non- 
compact type and v a unit normal vector field of M. Set R(v x ) := R(-,v x )v x \t x m, where 
R is the curvature tensor of N. For each r 6 R, we define a function r r over [0, oo) by 

f f rs ( s > °) 
r r (s) := <^ tan(rVs) 

I ; = 

Also, for each r G C, we define a complex-valued function f r over (— oo,0] by 

f (*<o) 

f r (s) := < tan(W-s) 

where i is the imaginary unit. In this paper, we first prove the following Cartan type iden- 
tity for a curvature-adapted isoparametric hypersurface in a simply connected symmetric 
space of compact type. 
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Theorem A. Let M be a curvature-adapted isoparametric hypersurface in a simply con- 
nected symmetric space N := G/K of compact type. For each focal radius r$ of M, we 
have 

(1.2) E = 

where 5* := {(A, u) £ SpecA x x SpecR(v x ) \ Ker(A x - XI) n Ker( J R(v :E ) - fil) / {0}, A / 
r ro (/i)} and m AjM := dim(Ker(A :c - A/) n Ker(i?(i; :E ) - ///)). 

Remark 1.1. (i) If Ker(Ar — XqI) n Ker(i?(w-,;) — /j,qI) is included by the focal space for 
the focal radius ro, then we have T ro (po) = Ao- 

(ii) If G/K is a sphere of constant curvature c, then SpecR{v x ) = {c} and r ro (c) is 
equal to the principal curvature corresponding to ro- Hence the identity (1.2) coincides 
with (1.1). 

(hi) In the case where G/K is a rank one symmetric space of compact type, the identity 

(1.2) coincides with the identity obtained by J. E. D'Atri [D] (see Theorems 3.7 and 3.9 
of [')])• 

(iv) In the case where G/K is a rank one symmetric space of compact type other than 
spheres, the identity (1.2) is different from the identity obtained by J. Berndt [Bl,2]. 

The proof of Theorem A is performed by showing the minimality of the focal 

submanifold F : = {exp- L (roV z ) \x £ M} of M, where exp -1- is the normal exponential 
map of M. In the case where G/K is of rank greater than one and M is not homogeneous, 
the proof of the minimality of F is performed by showing the minimality of the lifted 
submanifold F := (it o <f))^ 1 (F) of F to the path space H°([0, l],fl c ), where 4> is the 
parallel transport map for G (which is a Riemannian submersion o H°([0, l],£j) onto G 
and 7r is the natural projection of G onto G/K (which also is a Riemannian submersion). 

Next, in this paper, we prove the following Cartan type identity for a curvature- 
adapted isoparametric C^-hypersurface in a symmetric space of non-compact type, where 
C w means the real analyticity. 

Theorem B. Let M be a curvature- adapted isoparametric -hypersurface in a sym- 
metric space N := G/K of non-compact type. Assume that M has no focal point of 
non-Euclidean type on the ideal boundary N(oo) of N. Then M admits a complex focal 
radius and , for each complex focal radius ro of M, we have 

(1.3) E £tW*^ = °. 

where S? := {(A, u) £ SpecA x x SpecR(v x ) | Ker(A x - XI) n Ker(R(v x ) - pi) / {0}, A / 
f ro (/i)} and m x ^ := dim(Ker(A a , - XI) n Kev(R(v x ) - fil)). 

Remark 1.2. (i) The notion of a complex focal radius was introduced In [Koi2]. This 
quantity indicates the position of a focal point of the complexification M c (c G c /K c ) of 
a submanifold M in a symmetric space G/K of non-compact type (see [Koi3]). 

(ii) If Ker(A x — XqI) n Ker(R(v x ) — hqI) is included by the focal space for the complex 
focal radius ro, then we have 7> (/xo) = Aq. 
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(iii) If G/K is a hyperbolic space of constant curvature c, then $\>ecR(v x ) = {c} and 
f ro (c) is equal to the principal curvature corresponding to r^. Hence the identity (1.3) 
coincides with (1.1). 

(iv) In the case where G/K is a rank one symmetric space of non-compact type and 
r is a real focal radius, the identity (1.3) coincides with the identity obtained by J. E. 
D'Atri [D] (see Theorems 3.7 and 3.9 of [D]). 

(v) In the case where G/K is a rank one symmetric space of non-compact type other 
than hyperbolic spaces, the identity (1.3) is different from the identity obtained by J. 
Berndt [Bl,2]. 

(vi) For a curvature-adapted and isoparametric hypersurface M in G/K, the following 
conditions (a) ~ (c) are equivalent: 

(a) M has no focal point of non-Euclidean type on iV(oo), 

(b) M is proper complex equifocal in the sense of [Koi4], 

(c) Ker(A x ± >/=/!/) D Kei(R(v x ) - fil) = {0} holds for each fi G SpecR(v x ) \ {0}. 

(vii) Principal orbits of a Hermann type action of cohomogeneity one on G/K are 
curvature-adapted isoparametric C w -hypersurface having no focal point of non-Euclidean 
type on N(co) (see Theorem B of [Koi4] and the above (iii)). 

The proof of Theorem B is performed by showing the minimality of the focal 

submanifold F := {exp- L ((Rero)w 2: + (Imro) Jv x ) \ x € M c } of the complexification M c 
of M (see Fig.l), where exp -1 - is the normal exponential map of the submanifold M c in 
G c /K c , J is the complex structure of G c /K c and v is a unit normal vector field of M (in 
G/K). Here we note that exp- L ((Rero)w 2; + (lmro)Jv x ) is equal to the point j% x (ro) of 
the complexified geodesic 7* in G c /K c . In the case where G/K is of rank greater than 
one and M is not homogeneous, the proof of the minimality of F is performed by showing 
the minimality of the lift F := (vr o 0) _1 (F) of F to the path space H°([0, 1],0 C ), 
where (f> is the parallel transport map for G c (which is an anti-Kaehlerian submersion o 
H°([0, 1], C ) onto G c ) and it is the natural projection of G c onto G c /K c (which also is an 
anti-Kaehlerian submersion). Here we note that the minimality of F is trivial in the case 
where M is homogeneous. By using Theorem B, we prove the following fact for the number 
of distinct principal curvatures of a curvature-adapted isoparametric C w -hypersurfaces in 
a symmetric sapce of non-compact type. 




M lv x 

Fig. 1. 
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(ii) tfSpecAs < < 



Theorem C. Let M be a curvature-adapted isoparametric C u -hypersurface in a sym- 
metric space N := G/K of non-compact type. Assume that M has no focal point of 
non-Euclidean type on N(oo). Then the following statements (i) and (ii) hold: 

(i) j|Spec (^-x|Ker(i?(?; x )-/i/)) < 2 for ^ G SpecR(v x ), where x is an arbitrary point of M 
and {((•) implies the cardinal number of (•). 

( »( A +W V \ (A+Ir*-i J 1 ) x 2 + IKA+I^-i^) 1 + 2 

(rank(G/K) > 3) 

»( A +W-V \ (A+Iiwr.-^) 1 ) >< 2 + »( A +k- J 1 + 1 

(rank(G/K) = 2) 

»( A +Ir 9 , V \ (A+l^-i^) 1 ) x 2 + ftCA+l^-i^) 1 

(rank(G/K) = 1). 

iiere A + | Rff -i^ := {o-\- Rg -i Vx \ a £ A + }, where A + is the positive root system (under 
a lexicographic ordering of a*) of the root system A of G/K with respect to a max- 
imal abelian subspace a of p = T e x(G / 'K) contaning g~ l v x (x = gK) and M.g~ 1 v x 
is the one dimensional subspace of o generated by g* 1 v x , and (A+| R -i^ ) x := {(3 £ 
A + | Rg -i^ | dim( Yl Pa) = 1} (pa : the root space for a). 

aSA+ s.t. aL _i =/3 
R-9* v x 

Remark 1.3. (i) Clearly we have 

«( a +Ir s ,V \ ( a +Ir s -v) 1 ) x 2 + »( A +Ir s - J 1 ^ « A + \ A V) + » A +' 
where A^ := {a G A + | dimp a = 1}. Hence we have 

C tf(A+ \ A\) x 2 + $Al + 2 (rank(G/K) > 3) 
flSpecA,^ Jt(A+\ A\) x 2 + tfA^ + l (rank(G/K) = 2) 
[ fi(A+ \ AV) x 2 + A*. (rank(G/K) = 1). 

If N is a complex hyperbolic space of complex dimension bigger than one, we have 
jjSpecA < 3 because of (t(A + \ A^_) = jJA^j. = 1. Also, if A is a quarternionic hyper- 
bolic space or the Cayley hyperbolic plane, then we have g < 4 because of Jt(A + \ A+) = 2 
and (JA^j. = 0. These facts have already been shown by J. Berndt ([Bl,2]) without the 
assumption that M has no focal point of non-Euclidean type on N(oo). 

(ii) For each irreducible symmetric space G/K of non-compact type, the number 

r tf(A+ \ A+) x 2 + (JA+ + 2 rank(G/K) > 3) 
m G/K := \ tf(A+ \ A\) x 2 + jjA^ + 1 rank(G/K) = 2) 
[ #(A+ \A\)x2 + $A\ rank(G/K) = 1) 

is given as in Tables 1 and 2. 
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Type 



G/K 



+ 



m 



n(n— 1) 
2 

4 



dimM 



(Ai) 



SL(n,~R)/SO(n) (n > 3) 



n(n— 1) 



n(n— 1) 



2 (n > 4) 
(" = 3) 



2 



(All) 



SU*(2n)/Sp(n) (n > 3) 



n(n— 1) 



- n + 2 (n > 4) 
7 (n = 3) 



2p 2 + p + 2 
11 
3 

2p 2 - p + 2 
7 



2n 2 - n - 2 



(AIII) 



SU(p,q)/S(U(p)xU(q)) 
(1 < p < g) 

SU(p,p)/S(U(p)xU(p)) 
(P>2) 



p 2 +p 



(P>3) 
(p = 2) 
(p = l) 

(P>3) 
(p = 2) 



2p?-l 
2p 2 - 1 



(BDI) 



SO (p,q)/SO(p) x 50(g) 
(3 < p < q) 
SO (2,q)/SO(2) x SO(g) 
(2<q) 

SO (l,q)/SO(l) x SO(g) 



4 
1 




p 2 +2 (g-p = 0, 1) 

p 2 +p + 2 (q-p>2) 
5 (g = 2,3) 
7 (g > 4) 

1 (q = 2) 

2 (g > 3) 



pg- 1 
2g - 1 
9-1 



(Dili) 



SO*(2n)/U(n) 
(n > 6) 

SO*(2n)/(7(n) 
(n = 4,5) 



„* 4 -i 



-ra+2 



-ra+2 



(n: 
(n: 
(n: 
(n: 



odd) 
even) 
odd) 
even) 



n 1 — n — 1 



n — n — 1 



(CI) 



Sp(n,R)/U(n) (n > 2) 



n 2 + 2 (n > 3) 
n 2 + 1 (n = 2) 



n 2 + n - 1 



(CII) 



Sp(p,q)/Sp(p) x 5p(g) 
(p < 9) 

Sp{p,p)/Sp{p) x Sp(p) 
(p> 2) 



p(p + 1) 




4pg — 1 



4p 2 



(EI) 



£f/Sp(4) 



36 



36 



38 



41 



(En) 



£1/51/(6) ■ SC/(2) 



24 



12 



38 



39 



(EIII) 



#e /Spin(lO) ■ C/(l) 



11 



31 



(EIV) 



25 



(EV) 



B 7 7 /(S[/(8)/{±l}) 



63 



63 



65 



69 



(EVI) 



Ef 5 /SO'(12) ■ SU(2) 



24 



12 



38 



63 



(EVII) 



Ef ^/E 6 ■ U(l) 



17 



53 



(EVIII) 



El/ SO' (16) 



120 



120 



122 



127 



(EIX) 



l /E 7 ■ Sp(l) 



24 



12 



38 



111 



(FI) 



F 4 4 /5p(3) ■ Sp(l) 



24 



24 



26 



27 



(FII) 



15 



(G) 



ayso(4) 



Table 1. 
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Type 


G/K 


|JA + 




m G/K 


dimM 




SL(n,C)/SU(n) 
(n > 3) 


n(n — 1) 
2 





J n 2 - n + 2 (n > 4) 
t 7 (n = 3) 


n 2 - 2 


(II-BD) 


SO(n,C)/SO(n) 
(n > 6) 

SO(5,C)/SO(5) 


J 








^- 2 "-+ 5 (n : odd) 


(n + l)(n-2) 


1 n(n-2) 

I 4 
4 


™ 2 - 2 2 ' l + 4 (n:even) 
9 


2 

9 


(II-C) 


Sp(n, C)/Sp(n) (n > 3) 


n 2 





2n 2 + 2 


2n 2 + n - 1 


(H-E 6 ) 


E$/E 6 


36 





74 


77 


(II-E 7 ) 


E$/E 7 


63 





128 


132 


(II-E 8 ) 


Et/Es 


120 





242 


247 


(II-F4) 


E4/E4 


24 





50 


51 


(II-G2) 


GIIG2 


6 





13 


13 



Table 2. 



By using Theorem C and its proof (see Section 5), we prove the following fact. 

Theorem D. Let M be a curvature-adapted isoparametric -hypersurface in a symmet- 
ric space N of non-compact type. Assume that M has no focal point of non-Euclidean 
type on N(oo). Then M admits the only focal submanifold and the focal submanifold is 
totally geodesic. Also, M is the tube of radius r over the focal submanifold, where r is 
the only focal radius of M. 

As stated in (vii) of Remark 1.2, principal orbits of a Hermann type action of cohomo- 
geneity one are curvature-adapted C^-isoparametric hypersurfaces having no focal point 
of non-Euclidean type on the ideal boundary. Hermann type actions of cohomogeneity one 
other than SO(l,n) rx SO(l,n + l)/SO{n) are the only singular orbit and the singular 
orbit is totally geodesic. Hence the principal orbits of the actions are tubes over the totally 
geodesic singular orbit. Hence the following problem arises naturally. 

Problem. Does any curvature-adapted isoparametric C u -hypersurface in a symmetric 
space N of non-compact type having no focal point of non-Euclidean type on N(oo) occur 
as a principal orbit of a Hermann type action of cohomogeneity one? 

To solve this problem, we have only to investigate whether the only totally geodesic 
focal submanifold of the hypersurface occurs as the singular orbit of a Hermann type 
action of cohomogeneity one. 

In Section 2, we recall basic notions. In Section 3, we prove Theorem A. In Section 
4, we define the mean curvature of a proper anti-Kaehlerian Fredholm submanifold and 
prepare a lemma to prove Theorem B. In Section 5, we prove Theorems B, C and D. 
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2 Basic notions 



In this section, we recall basic notions which are used in the proof of Theorems A and B. 
Some of the notions is not well-known for experts of this topic. Hence we shall explain 
them in detail. Let M be a complete connected (oriented embbedded) hypersurface in 
a (general) Riemannian manifold N. If sufficiently close parallel hypersurfaces of M are 
of constant mean curvature, then M is called an isoparametric hypersurface. This notion 
is the hypersurface version of an isoparametric submanifold with flat section is defined 
in [HLO], where we note that they defined this notion without the assumption of the 
completeness. 

Next we recall the notion of an equifocal hypersurface in a symmetric space. Let M 
be a complete (oriented embedded) hypersurface in a symmetric space N = G/K and 
fix a global unit normal vector field v of M. Let j Vx be the normal geodesic of M with 
7^,(0) = v x , where x 6 M and 7^,(0) is the velocity vector of j Vx at 0. If j Vx (so) is a focal 
point of M along r y Vx , then so is called a focal radius of M at x. Denote by F1Zm,x the set 
of all focal radii of M at x. If M is compact and if T1Zm,x is independent of the choice 
of x, then it is called an equifocal hypersurface. This notion is the hypersurface version of 
an equifocal submanifold defined in [TT]. 

Next we recall the notion of a complex equifocal hypersurface in a symmetric space of 
non-compact type. Let M be a complete (oriented embedded) hypersurface in a symmetric 
space N = G/K of non-compact type and fix a global unit normal vector field v of M. Let 
g be the Lie algebra of G and 9 be the Cartan involution of G with (Fix#)o C K C Fix (9, 
where Fix# is the fixed point group of 9 and (Fix#)o is the identity component of Fix (9. 
Denote by the same symbol 9 the involution of induced from 9. Set p := Ker(# + id). 
The subspace p is identified with the tangent space T e xN of N at eK, where e is the 
identity element of G. Let M be a complete (oriented embedded) hypersurface in N . Fix 
a global unit normal vector field v of M. Denote by A the shape operator of M (for 
v). Take X G T X M (x = gK). The M-Jacobi field Y along lx with Y(0) = X (hence 
y'(0) = -A X X) is given by 

Y (s) = (P lxl[0tS] o {Df Vx - sDZ x o A X ))(X), 

where P Jx \ [0 ^ is the parallel translation along 7 x | [0jS ], Df Vx (resp. Df v J is given by 

D C sv x =9*° cos(iad(s57 1 w :c )) o g' 1 

( nS i sin(iad(sg;-V)) A 

resp. D sv =g*o o g^ . 

V iad(s^ v x ) J 

Here ad is the adjoint representation of the Lie algebra g of G. All focal radii of M at 
x are catched as real numbers so with Ker(D™^ — so-Df*^ o A x ) / {0}. So, we [Koi2] 
defined the notion of a complex focal radius of M at x as a complex number zq with 
Kev ( D z°v x - z o D z l v x A x) / {°}> where D c z ° Vx (resp. D s z l QV J is a C-linear transformation 
of (T X N) C defined by 

Df QVx =gt° cos(iad c (zo5=T 1 ^)) ° (5*) _1 

resp. DS , =s Jo2«2^M o(9 J)-. 

iad (z g* v x ) 
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where g% (resp. ad c ) is the complexification of (resp. ad). Also, we call Ker(D^, x — 
zqD s z 1 qVx oA x ) the foccal space of the complex focal radius zq and its complex dimension the 
multiplicity of the complex focal radius Zq, In [Koi3], it was shown that, in the case where 
M is of class C w , complex focal radii of M at x indicate the positions of focal points of 
the extrinsic complexification M c (^ G c /K c ) of M along the complexified geodesic y% , 
where G c /K c is the anti-Kaehlerian symmetric space associated with G/K. See [Koi3] 
(also [Koi9]) about the detail of the definition of the extrinsic complexification. Denote by 
CTTZ X the set of all complex focal radii of M at x. If CF1Z X is independent of the choice 
of x, then M is called a complex equifocal hypersurface. Here we note that we should 
call such a hypersurface an equi-complex focal hypersurface but, for simplicity, we call it 
a complex equifocal hypersurface. This notion is the hypersurface version of a complex 
equifocal submanifold defined in [Koi2]. 

Next we recall the notion of an isoaparmetric hypersurface in a (separable) Hilbert 
space introduced by C.L. Terng in [Te2], where we note that she introduced the notion of 
an isoparametric submanifold in the space in general. Let M be a complete (embedded) 
hypersurface in a (separable) Hilbert space V. If the normal exponential map exp- 1 of 
M is a Fredholm map and the restriction of exp- 1 to unit disk normal bundle of M is 
proper, then M is called a proper Fredholm hypersurface. Let v be a unit normal vector 
field of a proper Fredholm hypersurface M and A the shape operator of M for v. For 
each x G M, A x is compact and self-adjoint. Hence the spectrum of A x is described as 

{0} U {Af I i = 1, 2, ■ • ■ } (|Af I > |Af +1 | or Af = -Af +1 > 0). We call Af the i-th principal 

00 

curvature of M at x. If the series Yl exists, then we call it the mean curvature of M 

i=i 

at x and denote it by Tr A x , where we promise A, = (i > k + 1) if the cardinal number 
of the spectrum other than zero of A x is equal to k. If Tr A x = for any x G M, then 
M is said to be minimal (or formal minimal). Assume that the number (which may be 
00) of distinct principal curvatures of M at x is independent of x. Then we can define 
functions Aj (i = 1, 2, ■ ■ ■ ) on M by assigning the i-th principal curvature of M at x to 
each x G M. We call this function Aj the i-th principal curvature function of M. If 
the principal curvature functions Aj's of M are constant over M, then M is called an 
isoparametric hypersurface and the constant Aj is called the i-th principal curvature of M. 
Assume that M is an isoparametric hypersurface. Let A« be the i-th principal curvature of 
M and set E\ := Ker(^4 — Ajid). This distribution Ei is called the curvature distribution 
for Aj. Note that the tangent space T X M of M at x is equal to the closure of the orthogonal 
direct sum of (E^^s. 

Next we recall the notion of the parallel transport map for a compact semi-simple 
Lie group. Let G be a semi-simple compact Lie group and g be its Lie algebra. Let 
(, ) be an Ad(G)-invariant inner product of g. Let H ([0, be the Hilbert space of 
all L 2 -integrable paths u : [0, 1] — > q, where the L 2 -inner product is defined by (u, v)o := 
Jq 1 (u(t),v(t))dt, and -ff 1 ([0, be the space of all absolutely continuous paths u : [0, 1] — > 
q such that u' G H°([0, 1], q). Also, let i^QO, 1],G) be the Hilbert Lie group of all 
absolutely continuous paths </ : [0, 1] — > G such that 5' is square integrable, that is, 
(&rV , &ry)o is finite. Note that the tangent space ^^([0, 1], G) of ^([0, 1], G) at g is 
given by {vg \ v G ^([0, 1], )}. Define a map : fl°([0,l],fl) -)• G by 0(n) = 5u (l) 
(u G #°([0, l],fl)), where g u is the element of i^ 1 ([0, 1],G) satisfying g u (0) = e and 
9u*9u = u - This map <f> is called the parallel transport map [from to 1). It is shown that 
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<fi is a Riemannian submersion. Let M be a compact (embedded) hypersurface in a simply 
connected symmetric space G/K of compact type and M any component of the inverse 
image (7ro</>) _1 (M), where 7r is the natural projection of G onto G/K. Terng-Thorbergsson 
([TT]) showed the following fact. 

Fact 1. M is equifocal if and only if M is isoparametric. 

According to the proof of Theorem 4.1 in [Koil], the following fact holds. 

Fact 2. Assume that M is curvature-adapted. Then we have Tr A u = Tr -A(^- ^)(ti) ( u £ 
MJ, where A (resp. A) is the shape operator of M (resp. M). 

Next we recall the notion of an anti-Kaehlerian equifocal hypersurface in an anti- 
Kaehlerian symmetric space. Let J be a parallel complex structure on an even dimensional 
pseudo- Riemannian manifold (M, ( , )) of half index. If (JX,JY) = —(X,Y) holds for 
every X, Y £ TM, then (M, ( , ), J) is called an anti-Kaehlerian manifold. Let A = G/if 
be a symmetric space of non-compact type and G c /K c the anti-Kaehlerian symmetric 
space associated with G/K. See [Koi3] about the anti-Kaehlerian structure of G c /K c . 
Let / be an isometric immersion of an anti-Kaehlerian manifold (M, ( , ), J) into G c /K c . 
If J o = /, o J, then M is called an anti-Kaehlerian submanifold immersed by /. Let 
A be the shape tensor of M. We have Aj^A = A V (JX) = J(A V X), where A 7 " £ TM and 
f £ T L M. If A„A = aA + frJA 7 " (a, 6 £ R), then A is called a J -eigenvector for a + bi. Let 
{ej}™ =1 be an orthonormal system of T X M such that {ej}™ =1 U { Jej}™ =1 is an orthonormal 
base of T X M. We call such an orthonormal system {ej}™ =1 a J- orthonormal base of T X M. 
If there exists a J-orthonormal base consisting of J-eigenvectors of A v , then we say that 

n 

A v is diagonalizable with respect to an J-orthonormal base. Then we set Trj^Lj := ^ Aj 

i=l 

as A^ej = (ReAj)ej + (ImAj)Jej (z = 1, • • • , n). We call this quantity the J-trace of 
A v . If, for each unit normal vector v £ M, the shape operator A v is diagonalizable with 
respect to a J-orthonormal tangent base, if the normal Jacobi operator R(v) preserves 
the tangent space T X M (x : the base point of v) invariantly and if A v and R{v) commute, 
then we call M a curvature- adapted anti-Kaehlerian submanifold, where R is the curvature 
tensor of G c /K c . Assume that M is an anti-Kaehlerian hypersurface (i.e., codimM = 2) 
and that it is orientable. Denote by exp- 1 the normal exponential map of M. Fix a 
global parallel orthonormal normal base {v,Jv} of M. If exp _L (af x + bJv x ) is a focal 
point of (M, x), then we call the complex number a + bi a complex focal radius along 
the geodesic *y Vx . Assume that the number (which may be and oo) of distinct complex 
focal radii along the geodesic j Vx is independent of the choice of x £ M. Furthermore 
assume that the number is not equal to 0. Let {ri tX \ i = 1, 2, • ■ ■ } be the set of all complex 
focal radii along j Vx , where |r ijX | < |r i+ i jX | or "|r i)X | = |r i+ i )X | & Rer itX > Rerj + i iX " or 
"\n,x\ = \ri+i, x \ & Rer ijX = Rer i+ i iX & Imr iiX = -Imr i+ i )X < 0". Let n (i = 1, 2, • • • ) 
be complex-valued functions on M defined by assigning r^ x to each x £ M. We call 
this function the i-th complex focal radius function for v. If the number of distinct 
complex focal radii along / y Vx is independent of the choice of x £ M, complex focal radius 
functions for v are constant on M and they have constant multiplicity, then M is called 
an anti-Kaehlerian equifocal hypersurface. We ([Koi3]) showed the following fact. 

Fact 3. Let M be a complete (embedded) -hypersurface in G/K. Then M is complex 
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equifocal if and only if M c is anti-Kaehler equifocal. 

Next we recall the notion of an anti-Kaehlerian isoparametric hypersurface in an in- 
finite dimensional anti-Kaehlerian space. Let / be an isometric immersion of an anti- 
Kaehlerian Hilbert manifold (M, ( , ), J) into an infinite dimensional anti-Kaehlerian space 
(V, ( , ), J). See Section 5 of [Koi3] about the definitions of an anti-Kaehlerian Hilbert 
manifold and an infinite dimensional anti-Kaehlerian space. If J o /* = /»o J holds, 
then we call M an anti-Kaehlerian Hilbert submanifold in (V, { , ),J) immersed by f. 
If M is of finite codimension and there exists an orthogonal time-space decomposition 
V = V- © V + such that JV± = V T , (V, ( , )y ± ) is a Hilbert space, the distance topology 
associated with ( , )y ± coincides with the original topology of V and, for each v G T^M, 
the shape operator A v is a compact operator with respect to /*( , )y ± , then we call M a 
anti-Kaehlerian Fredholm submanifold (rather than anti-Kaehlerian Fredholm Hilbert sub- 
manifold). Let (M, ( , ), J) be an orientable anti-Kaehlerian Fredholm hypersurface in an 
anti-Kaehlerian space (V, ( , ), J) and A be the shape tensor of (M, ( , ), J). Fix a global 
unit normal vector field v of M. If there exists X(^= 0) G T X M with A Vx X = aX + bJX, 
then we call the complex number a + bi a J- eigenvalue of A Vx (or a complex principal 
curvature of M at x) and call X a J-eigenvector of A Vx for a + M. Here we note that this 
relation is rewritten as A% X^ 1 ' ) = (a + M)^ 1 ' ), where A^ 1 ' ) is as above. Also, we call 
the space of all J-eigenvectors of A Vx for a + by/—l a J-eigenspace of A Vx for a + 6i. We 
call the set of all J-eigenvalues of A Vx the J -spectrum of A Vx and denote it by Spec jA Vx . 
SpecjA^ \ {0} is described as follows: 

Spec J A^\{0} = {A l |i = l,2,---} 

/ |Ai| > |A m | or "|Ai| = |A m | & ReAj > ReA i+ i" \ 

^ or "|Ai| = |A m | & ReAi = ReA i+ i & ImA, = -ImA i+ i > 0" J ' 

Also, the J-eigenspace for each J-eigenvalue of A Vx other than is of finite dimension. 
We call the J-eigenvalue Aj the i-th complex principal curvature of M at x. Assume that 
the number (which may be oo) of distinct j^omplex principal curvatures of M is constant 
over M. Then we can define functions Aj (i = 1,2, •••) on M by assigning the i-th 
complex principal curvature of M at x to each x G M. We call this function Aj the i-th 
complex principal curvature function of M. If the number of distinct complex principal 
curvatures of M is constant over M, each complex principal curvature function is constant 
over M and it has constant multiplicity, then we call M an anti-Kaehler isoparametric 
hypersurface. Let {ej}^ 1 be an orthonormal system of (T X M, ( , ) x ). If {ej}^ 1 U{ Je{\ ( ^l 1 
is an orthonormal base of T X M, then we call {e,}^ 1 a J -orthonormal base. If there exists a 
J-orthonormal base consisting of J-eigenvectors of A Vx , then A Vx is said to be diagonalized 
with respect to the J-orthonormal base. If M is anti-Kaehlerian isoparametric and, for 
each x G M, the shape operator A Vx is diagonalized with respect to an J-orthonormal 
base, then we call M a proper anti-Kaehlerian isoparametric hypersurface. 

In [Koi3], we defined the notion of the parallel transport map for the complexification 
G c of a semi-simple Lie group G as an anti-Kaehlerian submersion of an infinite dimen- 
sional anti-Kaehlerian space H°([0, 1], C ) onto G c . See [Koi3] in detail. Let G/K be a 
symmetric space of non-compact type and <p : H°([0, 1],0 C ) — > G c the parallel transport 
map for G c and ir : G c — > G c /K° the natural projection. We [Koi3] showed the following 
fact. 
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Fact. 4. Let M be a complete anti-Kaehlerian hypersurface in an anti-Kaehlerian sym- 
metric space G c /K c . Then M is anti-Kaehlerian equifocal if and only if each component 
of [tt o <^>) _1 (M) is anti-Kaehlerian isoparametric. 

Next we recall the notion of a focal point of non-Euclidean type on the ideal boundary 
N(oo) of a hypersurface M in a Hadamard manifold N which was introduced in [Koill] 
for a submanifold of general codimension. Assume that M is orientable. Denote by V the 
Levi-Civita connection of TV and A the shape operator of M for a unit normal vector field 
v. Let j Vx : [0, oo) — > N be the normal geodesic of M of direction v x . If there exists a 
M-Jacobi field Y along j v satisfying lim W^W. = o, then we call 7„(oo) (€ N(oo)) a focal 
point of M on the ideal boundary N(oo) along 7^, where 7^(00) is the asymptotic class 
of ^ v . Also, if there exists a M- Jacobi field Y along j Vx satisfying lim ll^MJ = and 

t— >oo 

Sec(fa;, 1^(0)) 7^ 0, then we call 7^ (00) a /oca/ point of non-Euclidean type of M on N(oo) 
along j Vx , where Sec(v x , Y(0)) is the sectional curvature for the 2-plane spanned by v x and 
Y(0). If, for any point x of M, 7„, z .(oo)and j- Vx (oo) is not a focal point of non-Euclidean 
type of M on iV(oo), then we say that M has no focal point of non-Euclidean type on the 
ideal boundary iV(oo). According to Theorem 1 of [Koi3] and Theorem A of [Koill], we 
have the following fact. 

Fact 5. Let M be a curvature-adapted and isoparametric C 1UJ -hypersurface in a symmetric 
space N := G/K of non-compact type. Then the following conditions (i) and (ii) are 
equivalent: 

(i) M has no focal point of non-Euclidean type on the ideal boundary iV(oo). 

(ii) each component of (it o <^>) _1 (M c ) is proper anti-Kaehlerian isoparametric, 
where tt is the natural projection of G c onto G c /K c and cf> is the parallel transport map 
for G c . 

3 Proof of Theorem A 

In this section, we first prove Theorem A. Let M be a curvature-adapted isoparametric 
hypersurface in a simply connected symmetric space G/K of compact type, v a unit 
normal vector field of M and C(c T^M) the Coxeter domain (i.e., the fundamental 
domain (containing 0) of the Coxeter group of M at x). The boundary dC of C consists 
of two points and it is described as dC = {r±v x , r2V x } {r<i < < r±). We may assume that 
< \ r 2\ by replacing v to —v if necessary. Note that the set J-TZm of all focal radii of M 
is equal to {kr\ + (1 — fc) r 2 I k G Z}. Set Fj := {7^ (r^) | x G M} (i = 1,2), which are all of 
focal submanifolds of M. The hypersurface M is the r^-tube over Fj (i = 1,2). Let ir be 
the natural projection of G onto G/K and the parallel transport map for G. Let M be 
a component of (7ro0) _1 (M), which is an isoparametric hypersurface in H°([0, The 
set *PCj^ of all principal curvatures other than zero of ikf is equal to { fcn+(i— fc)r2 

I k G Z}. 

Set A 2fc _! := fcri+( }_ fc)r2 (fe = 1, 2, • • • ) and \ 2k := _ {k _J ri+kr2 (k = 1, 2, • • • ). Then we 
have |Aj+i| < |Aj| or Aj = — Aj+i > for any i £ N. Denote by the multiplicity of 
Aj. Denote by A (resp. A) the shape operator of M for v (resp. M for f L ), where v L 
is the horizontal lift of v to M with respect to it o (f>. Fix ro G TT^m- The focal map 
/ ro : M -)• G/K is defined by / ro (x) := 7^(r ) (x G M). Let F := f ro (M), which is 
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either F\ or F2. Denote by A F the shape tensor of F. Let ipt be the geodesic flow of G/K. 
Then we have the following fact. 




Fig. 2. 

Lemma 3.1. For any x G M, the following relation holds: 
where 5^ and raj^ are as in the statement of Theorem A. 

Proof. Let S x := {(A, fj) G SpecA„ x Specfl(v x ) | Ker(^ - XI) n Ker(i?(w :E ) - /iJ) / {0}}. 
Since M is curvature adapted, we have T X M = © (Ker(.A x — XI) n Ker(i2(v x ) — ///)). 

Defone a distribution D on M by D x := © {Ker{A x - XI) n Ker(i?(v x ) - ///)) and 

D 1 - the orthogonal complementary distribution of D in TM. Let X G Ker(yl :r — A/) D 
Ker(i?(i; x ) — /Lt-Z") ((A,/x) G Sy ) and V be the Jacobi field along "f roVx with Y(0) = X and 
Y'(0) = —A TQVx X (= — r$XX). This Jacobi field V is described as 

Since Y(l) = f ro *X, we have 

Asin(r 0v ^Z) 
v 7 / 1 



(3.1) /r *AT = ( cos(r ^) ) ^ (X), 



which is not equal to because of (A,/x) G S 1 ^. From this relation, we have Tf r ^F 
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P-y rQVx {D). On the other hand, we have 

(3.2) V /ro ,^oW = ^'(l) 

= - (^sin(ro^) + Acos(r ^Z)) P lrQVx (X). 

From (3.1) and (3.2), we have 

( o o\ aF f Y _ V + Ar ro (aO f ^ 

AM««) /r °* A " " A-r ro (/i) /ro * 
The desired relation follows from this relation. q.e.d. 

Set k(\,/j.) := — ^x-T^ili) (( A 'A*) G ^ r o)- Next we prepare the following lemma. 

Lemma 3.2. Let (Ai,//i) G S^- Then we have 

(i) (exp G rof x ) < T 1 (V'ro( t 'x)) = v x , where exp G is the exponential map of G, 

(ii) (expc-ro^); 1 (Kei(A^ M - K(Ai,/ii)J)^ 

(Ker(A, B - A/) D Ker(i?(^) - pi)), 

where S* (\i,m) = {(A,/i) G | re(A,/i) = «(Ai,//i)}. 

Proof. The relation in (i) is trivial. We shall show the statement (ii). Let (A,/x) G 
S^ (Ai,^i). The restriction f ro *\K er (A x -xi)nK e r(R(v x )-^i) of A,* is ec l ual to 
- P 7r l)t ,jKcr(A a; -A/)nKcr( J R(^)- M /) up to constant multiple by (3.1). Also, we have P JrQVx = 
(exp G rov x )*. These facts together with (3.3) deduce the relation in (ii). q.e.d. 

By using these lemmas, we prove Theorem A. According to Lemma 3.1, we have only 
to show TrA^ , n = 0. In the case where M is homogeneous, then this relation is shown 
by imitating the process of the proof of Corollary 1.1 of [HL]. Also, in the case where G/K 
is of rank one, we can show this relation in a comparatively simple method as follows. 

Simple proof of Theorem A in rank one case. We have only to show Tx A 1 ^ ^ ^ = 0. 

Assume that G/K is of rank one. Define a linear function $ : Tj — > M. by &(w) = 

TrA% (io G Tf ro{x) F). The focal map f ro is a submersion of M onto F and the fibres of 

f ro are integral manifolds of D^, where D 1 - is as in the proof of Lemma 3.1. Let L be 
the integral manifold of D L through xo(G M) and set Q := {ip ro (v x ) \ x G L}, which is a 
hypersurface without geodesic point in Tj- ^F, that is, it is not contained in any affine 

hyperplane of Tj ( Xo )P- According to Lemma 3.1, we have 

t / / / \ \ fJ, + \T ro ((l) 

(A,Ai)es- roW 

Let (A, Ji) be a pair of continuous functions on L such that (\(x),j2(x)) G S* Q for any 
x G L. Since G/K is of rank one, ji is constant on L. The focal radius having Kev(A x — 
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\(x) I) n Ker(R(v x ) — fi(x) I) as a part of the focal space is the real number so satisfying 

K ^( D T v x ~ SoD s s l Vx O ^)lKe r (^-A (a; )/)nKcr(i?K)-M(x)/) ^ { >> that iS ' [t ' 1S eC * Ual t0 



! arctan xJ^l ; which is independent of the choice of x G L by the isoparametricness 



(hence equifocality) of M. Hence A is constant on L. Therefore <3> is constant along Q. 
Furthermore, this fact together with the linearity of $ imply <J> = 0. In particular, we 

In general case, we prove Theorem A. 

Proof of Theorem A (general case). According to Lemma 3.1, we have only to show 
Tr A F ^ ^ = (xo G M). We shall show this relation by showing the minimality of the 

focal submanifold of (it o (fi)~ l (M), where <p (: H°([0, l],fl) — > G) is the parallel transport 
map for G and ir is the natural projection of G onto G/K. Let M be a component of 
(7ro0) _1 (M). Let f L the horizontal lift of v to M. Since 7ro0 is a Riemannian submersion, 
the focal radii of M are those of M. Let ro be a focal radius of M (hence M). The focal 
map f ro for r is defined by f ro (x) = x + r f^ (x G M). Set F := f ro (M). Denote by 
A the shape operator of M for and A F the shape tensor of F. Let SpecAg \ {0} = 
{A; |« = 1,2,- ■ ■ } ("|Ai| > |A m |" or " Aj = -A m > 0"). The set of all focal radii of M 
is equal to = 1, 2, ■ ■ ■ }. We have r^ = y~ for some iq. Define a distribution Di 

(i = 0, 1,2^- • ) on M by (5 ) u := Kerl u and (A) u := Ker(2 u - \1) (z = 1,2,---), 
where u G M. Since M is isoparametric (hence equifocal), M is isoparametric. Therefore, 
we have TM = Dq © (©A) and SpecA u is independent of the choice of u G M. Take 

up G M with (-7T o <j))(uo) = xq. Let Xj G (A) uo (i / «o) an d Xo G (.Dpjuo- Then we^have 
/r„*Aj = (1 - r Ai)Aj and / ro *X = X . Hence we have Tj , ,F = (D Q ) U0 © ( © (A)i* ) 

and ~Kev{f T0 ) ifU0 = (Di ) UQ , which implies that Di is integrable. On the other hand, 
we have A~ L / ro *Xj = AjAj and A~ L f ro *Xo = 0, where if) is the geodesic flow 

of i?°([0, 1], g). Therefore, we obtain A~ L / ro *AQ = - — - 10 f ro *Xi. Hence we have 

■v>r (v UQ ) \ io _ \ { 

Tr A~ L = \ ' -x x m *' wriere rrii := dim A- Let L be the leaf (which is a totally 

</v K ) » » 

umbilic sphere in iJ°([0, 1], g)) of Z)j through uo and Uq the anti-podal point of uo in 

the sphere L. Similarly we can show Tr A~ L = ^ 2 t0 x m 8 . Thus we have 



'o 



Tr A~ , r = TrA^ r . On the other hand, it follows from i>f,) = -ip rn (vL) that 
Vv K: ) V>r (^») r ov "o 7 ^ \ u ; 

Tr , r = -Tr , T Hence we obtain 

Vv « ) Vv (^*) 

(3.4) TrAf t =0. 

It follows from (i) and (ii) of Lemma 3.2 that F := f ro (M) is curvature-adapted. Hence, 
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according to Fact 2 stated in Introduction, we have 



(3.5) TrA? L .=TrAZ , v y 

Therefore we obtain Tr^^ ^ ^ = 0. This completes the proof. q.e.d. 

4 The mean curvature of a proper anti-Kaehlerian Fred- 
holm submanifold 

In this section, we define the notion of a proper anti-Kaehlerian Fredholm submanifold 
and its mean curvature vector. Let M be an anti-Kaehlerian Fredholm submanifold in 
an infinite dimensional anti-Kaehlerian space V and A be the shape tensor of M. Denote 
by the same symbol J the complex structures of M and V. If A v is diagonalized with 
respect to a J-orthonormal base for each unit normal vector v of M, then we call M a 
proper anti-Kaehlerian Fredholm submanifold. Assume that M is such a submanifold. Let 

oo 

v be a unit normal vector of M. If the series m i^i exists, then we call it the J-trace 

i=i 

of A v and denote it by Tr jA v , where {Aj | i = 1, 2, ■ ■ ■ } = SpecjA v \ {0} (A;'s are ordered 
as stated in Section 2) and rrii = ^dimKer(Ay — Aji") (i = 1,2, •■■), where Xil means 
(ReAj)7+ (ImAj)J. Note that, if (J(Specj^4„) is finite, then we promise Aj = and = 
(i > $(SpecjA v \ {0})), where (J(-) is the cardinal number of (•). Define a normal vector 
field H of M by (H x ,v) = Tr jA v (x G M, v G T^M). We call # the mean curvature 
vector of M. 

Let G/i^ be a symmetric space of non-compact type and 4> : H°([0, 1], 0°) — > G c be the 
parallel transport map for the complexification G c of G and tt be the natural projection of 
G c onto the anti-Kaehlerian symmetric space G c /K c . We have the following fact, which 
will be used in the proof of Theorem B in the next section. 

Lemma 4.1. Let M be a curvature-adapted anti-Kaehlerian submanifold in G c /K c and A 
(resp. A) be the shape tensor of M (resp. (7ro0) _1 (M)). Assume that, for each unit normal 
vector v of M and each J-eigenvalue fi of R(v), Ker(A v — y/—u,I) n Ker(iZ(v) — = {0} 
holds. Then the following statements (i) and (ii) hold: 

(i) (tt o <j))~ l (M) is a proper anti-Kaehlerian Fredholm submanifold. 

(ii) For each unit normal vector v of M, Trj^z, = Trj^ holds, where v L is the 
horizontal lift of v to (tt o <p)^ 1 (M) and Trj^4„ is the J-trace of A v . 

Proof. We can show the statement (i) in terms of Lemmas 9, 12 and 13 in [Koi3]. By 
imitating the proof of Theorem C in [Koi2] , we can show the statement (ii) , where we also 
use the above lemmas in [Koi3] . 



q.e.d. 
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5 Proofs of Theorems B, C and D 



In this section, we first prove Theorem B. Let M be a curvature-adapted isoparametric 
C w -hypersurface in a symmetric space G/K of non-compact type. Assume that M admits 
no focal point of non-Euclidean type on the ideal boundary of G/K. Denote by A the 
shape tensor of M and R the curvature tensor of G/K. Let v be a unit normal vector 
field of M, which is uniquely extended to a unit normal vector field of the extrinsic 
complexification M c (c G c /K c ) of M. Since M is a curvature-adapted isoparametric 
hypersurface admitting no focal point of non-Euclidean type on the ideal boundary iV(oo), 
it admits a complex focal radius. Let rg be one of complex focal radii of M. The focal 
map f ro : M c -)• G c /K c for r is defined by f ro (x) := exp ± (r v x )(= 7^(r )) (x G M c ), 
where r v x means (Rer )v x + (lmr )Jv x (J : the complex structure of G c /K c ). Let 
F := f ro (M c ), which is an anti-Kaehlerian submanifold in G c /K c (see Fig. 1). Without 
loss of generality, we may assume o := eK G M. Denote by A and A F the shape tensor 
of M c and F, respectively. Let ipt be the geodesic flow of G c /K c . Then we have the 
following fact. 



Lemma 5.1. For any x G M (c M c ), the following relation holds: 
where ari d m A,^t are as in the statement of Theorem B. 

Proof. Let 5 X := {(\,n) G SpecA Vx x SpecR(v x ) \ Ker(A Vx - XI)DKei(R(v x ) - fil) / {0}}. 

Since M is curvature adapted, we have T X M = © (Ker(A x — XI) n Ker(i?(ti ;I .) — ///)). 

(A,M)e& 

Set D x := © (Ker(Aj; — A/) n Ker(i?(v x ) — ///)) and D^- the orthogonal comple- 

ment of -D^ in T X M. The tangent space T X (M C ) is identified with the complexification 
(T X M) C . Under this identification, the shape operator A Vx is identified with the com- 
plexification A% of A x . Let X G Ker(A x - XI) C n Ker(R(v x ) - u,I) c ((A,/i) G 5* ) and 
y be the Jacobi field along 7^ with Y(0) = X and Y'(0) = -A roVx X (= -r XX = 
—X ((Rero)X + (Imro)JX)), where 7 rol);c is the geodesic in G c /K c with 7r ^(0) = J"oi> x (= 
(Rero)f x + (Imro) Jv x ). This Jacobi field Y is described as 

„ s / /. / x A sinfisrn-v/— u) \ „ , „„. 

F( S ) = (^cos(i S ro^) ^jg w j P JrQVxl[0 jX). 

Since Y(l) = f ro *X, we have 

(5-1) /r *A = (cos(irov^) - ASi " ( j^ } ) ^ (*) 

which is not equal to because of (A, fi) G S* - This relation implies that Tf = 
Pj rQVx (D x )- On the other hand, we have 

,, 2 , V^"^^'" 

= - (i v /3 Msm(ir ^/^7I) + A cos(ir A/ z ^)) P 7n) ^ (X). 
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From (5.1) and (5.2), we have 

(5 ' 3) Vol(^) /r °* X = n \-f r M fr °* X - 

The desired relation follows from this relation. q.e.d. 



Set k(\,/j,) := (C^>aO e ^r )- Next we prepare the following lemma. 

Lemma 5.2. Let (Ai,//i) G S 1 ^. Then we have 

(i) (exp G c roWo;)" 1 ^!^! (j - ^"^) = j - ^"^' w ^ ere ex PG c JS the exponential map of G c , 

(ii) (exp G c r v x )^ ( Ker(^J f ™ ) - k(\i, fn)I) I 

(Ker(^ - AI) C n Ker( J R(^) - ^/) c ), 

(A,/u)6S=P (Ai,/ii) 

where S^ () (Ai,/ii) = {(A,/i) G | k(A,/x) = /c(Ai,//i)}, 
(hi) if Ai / ±V-Mi, then k(Ai,^i) / ±^ 

Proof. The relation of (i) is trivial. Let (A,/z) G 5^ (Ai,//i). The restriction 

fr *\Kcr(A Vx -XI) c r\Kcr(R(v x )~ l j,I) c of / ro * is equal to P 7roVa . |Kcr( J 4 t , a .-A/) c nKcr(_R(^)-^/) c U P to 

constant multiple by (5.1). Also, we have Py roVx = (exp G c rov x )*- These facts together 
with (5.3) deduce 

(exp G c r v x )* (Ker(A^ - A/) c n Ker(R{v x ) - u,I) c ) 
= f ro * (Kei(A Vx - A/) c n Kex(R(v x ) - u.I) c ) 

C Ker ( A F . rQ , — k(Ai, ui)I ) . 

From this fact, the relation of (ii) follows. Now we shall show the statement (hi). Let 
ro = ao + ftov 7 — T («o 5 ^o G R-)- Suppose that k(Ai,//i) = \/ — /^l- By squaring both 
sides of this relation, we have 

(f ro (/ii) 2 + /ii) (A?+//i) =0. 
Hence we have Ai = ±V — Thus the statement (hi) is shown. q.e.d. 

Denote by -R the curvature tensor of G c /K c . By using these lemmas, we prove Theorem 
B. According to Lemma 5.1, we have only to show TrjA^ , rQ , = (x G M). In the 

case where M is homogeneous, we can show this relation by imitating the process of the 
proof of Corollary 1.1 of [HL]. 

Simple proof of Theorem B in rank one case. We have only to show Tr jA F , rQ > = 0. 
Assume that G/K is of rank one. Define a complex linear function $ : Tj- — > C 
by $(iy) = TrjA F (w G T^; ^F). Since M is curvature-adapted, we have T X M = 
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(Ker(A Vx - XI) n Ker(R(v x ) - pi)). Set 

(x,n)es x 

S? ■= {(A,/i) G (Spe Cj i^) x (SpecjR(v v )) \ Ker(A Vy - XI) n Ker(fl(«„) - /xi) / {0} 

&A^/ ro (/x)} 

(y G M c ). Define a distribution L) on M c by L\ := © (Ker(i„ y - A/) n Ker(R(v y ) - 

(y G M c ) and l) -1 - the orthogonal complementary distribution of l) in T(M C ). Also, define 
a distribution D on M by D x := © (Ker(^4 x - XI) n Ker(i?(w :r ) - ///)) (x G M) and 

(A, /1 )GS- 

D 1 - the orthogonal complementary distribution of D in TM. Under the identification 
of T X (M C ) with (T X M) C , D x is identified with the complexification (D x ) c of L^. The 
focal map f ro is a submersoin of iW c onto F and the fibres of f ro are integral manifolds 
of D- 1 . Let L be the integral manifold of D L through x and set Lr := L n M. It is 
shown that L is the extrinsic complexification of Lr. Set Q := {V'|ro|(|^T^) \ x £ L} and 
Qr := i' t l ; \ro\('^\ v x) I 33 G Lr}. It is shown that Q is the extrinsic complexification of Qr 
and that Q is a complex hypersurface without geodesic point in Tj- , ,F, that is, it is not 

Jro \ x ) 

contained in any complex affine hyperplane of ( X )F- According to Lemma 5.1, we have 

*»m( r %)) = - r E t— 

Let (A, Ji) be a pair of continuous functions on Lr such that (A(y), Jl(y)) G Sr for any 
y G L. Since G/if is of rank one, jl is constant on Lr. The complex focal radius 
having Ker(^4 y — A(y) I) n Ker(R(v y ) — Jl(y) I) as a part of the focal space is the com- 
plex number z satisfying Ker(L>^ - Zo D% Vy o A c y )\ Ker{Ay _~ m I)n ^ er{R{Vy) _ m I} + {0}, 

that is, it is equal to —X — arctan -^PP, which is independent of the choice of y G Lr 

vMj/) My) 

by the isoparametricness (hence complex equifocality) of M. Hence A is constant on 
Lr. Therefore <I> is constant along Qr. Since <I> is of class C w and Qr is a half- 
dimensional totally real submanifold in Q, <3? is constant along Q. Furthermore, this 
fact together with the linearity of $ imply $ = 0. In particular, we have Trvl^ ^ ^ = 0. 
q.e.d. 

Proof of Theorem B (general case). According to Lemma 5.1, we have only to show 
TijA F . r . = (xq G M). We shall show this relation by investigating the focal 

submanifold of (it o 0) _1 (M c ), where <fi (: H°([0, 1], g c ) — > G c ) is the parallel transport 
map for G c and tt is the natural projection of G c onto G c /K c . Let M c be the complete 
extension of (tt o (fi)~ l (M c ). Let t> L be the horizontal lift of v to M c . Since 7r o is an 
anti-Kaehlerian submersion, the complex focal radii of M c (hence M) are those of M c . 
Let ro be a complex focal radius of M (hence M c ). The focal map f ro for ro is defined 
by fr ( x ) = x + r o v x ( x 6 M c ). Set F := f ro (M c ). Denote by A (resp. A^) the shape 
tensor of M c (resp. F). Let Specjl^L \{0} = {A; | i = 1, 2, • • • } ("|A;| > |A m |" or "|Ai| = 
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hand, we have A~ ( ro L f T() *Xi = —^-Xi and A~ rQ L f ro *Xo = 0, where tp is the 



|Aj+i| & ReAj > ReAj+i" or "|Aj| = |Aj+i| & ReAj = ReAj + i &; ImAj = — ImAj+i > 0"). 
The set of all complex focal radii of M c (hence M) is equl to { p | i = 1, 2, ■ ■ ■ }. We 

have ro = ^— for some iq. Define a distribution Di (i = 0, 1, 2, ■ ■ ■ ) on M c by (Do) u '■= 

A *o 

KerA^L and (A)« := Ker(A ? z, - Aj/) (i = 1,2, ■■■), where u G M c . Since M is a 
curvature-adapted isoparametric submanifold admitting no focal point of non-Euclidean 
type on iV(oo), M c is proper anti-Kaehlerian isoparametric by Fact 5. Therefore, we 

have TM C = Dq © (©DJ and SpeCjA^L is independent of the choice of u G M c . Take 

u G M c _with (7r o <p)(uo) = Xq. Let X { G (A)« (i / io) and X G (A))« ^ Tnen 
we have / ro *Xj = (1 - r Ai)A"j and / ro *X = X . Hence we have Tj = (D ) UQ © 

( © (Di) UQ ) and Ker(/ ro )* uo = (Z\,) uo , which implies that Di is integrable. On the other 

AjTo 

^\r \^O JT0 *" 1 - |r |" l ^ J >kol(^0 J 
geodesic flow of i/°([0, 1],0 C ). Therefore, we obtain A^ L .f ro *Xi = ^il^l°J f ro *Xi. 

r\r \(]i%\ v u ) Aj Q - Aj 

Hence we have TrjA^~ , r , . s = V ^il^flJ x rrtj, where m, := idimDj. According 

to Theorem 2 of [Koi3], each leaf of Di is a complex sphere. Let L be the leaf of Di 
through no and Uq be the anti-podal point of uq in the complex sphere L. Similarly 

we can show Tr jA~ , rn ,~ T , , = ^ ■ ^"j x m;. Thus we have TrjA^ , rn . N = 

TV ^| |ro|( ^ T (^) u ,)- 0n the other hand > [t follows from ^ko|(M (?yL) "o) = -^koK^rO 

that TrjA- , rn r N = — Trj^4~ , r . ,_ rs x . Hence we obtain 

V-|r |(|7^^ ) ^ n ,|( 1 ^ T (w L )«5) 

(5.4) Trj^f . ro = 0. 

It follows from (i) and (ii) of Lemma 5.2 that i 7 := f ro (M c ) is a curvature adapted anti- 
Kaehlerian submanifold. Also, it follows from (iv) of Remark 1.2, (5.3), (i) and (iii) of 
Lemma 5.2 that, for each unit normal vector w of F and each u G Specji?(tu) \ {0}, 
Ker(A^ ± y/— Jll) n Kev(R(w) — fil) = {0} holds. Therefore, it follows from Lemma 4.1 
that F is a proper anti-Kaehlerian Fredholm submanifold and, for each unit normal vector 
w of F, we have Tr jA^ L = TrjA 1 ^. It is clear that ^\r \(ffi v uo) * s ^ e horizontal lift of 
^kol(j^y^o) to fr ( u o)- Hence we have 

, From (5.4) and (5.5), we have TrjA^ . rQ , = 0. This completes the proof. q.e.d. 

Next we prove Theorem C in terms of Theorem B. 
Proof of Theorem C. Let ro be a complex focal radius of M with Rero = maxRer, where 

r 

r runs over the set of all complex focal radii of M. Let (A,u) G S^ Q \ {(0,0)} and r a 
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complex focal radius including Ker(A v — XI) n Kei(R(v) — fil) as the focal space, that is, 
A = f r (n) (see (ii) of Remark 1.2). Set c A ,^ := ~ y>ff ■ We shall show Rec A , M < 0. We 
divide into the following three cases: 

(i) n = (ii) < ^=71 < |A| (iii) |A| < ^J2. 

First we consider the case (i). Then we have ca, m = i_ X \ ro ■ Also, we can show A = K 
Hence we have 

i 

(5-6) c A , M = 



Furthermore, we have Rec AjAt < from the choice of ro- Next we consider the case (ii). 
Since A = r r (/x) and A is a real number with |A| > we can show A = TR cr (//)(= 

tanh(/=§Rer) ) and r = Re r ( mod 7=^)- Hence we have c A , M = T (ro _ Rer) (/i), where we note 
that Rer ^ ro (mod^P=) because of (A,/z) G Sy - Therefore, we obtain 



^/=/J (l + tan 2 (^/^ulmr )) tanh(^/I(Rer - Rer )) 

(5.7) RecAu = 1 — 2 — ; 5 — ; r — 

tanh (-y/— //(Rer — Rero)) + tan 2 (-y/— /tlmro) 

because of Rer < Rero- Next we consider the case (iii). Since A = f r (/t) and A is a real 
number with |A| < yj— /J, we can show A = f , Rc r ^ »i > (p) (= \J —\x tanh(^/— //Re r)) and 

2 v— M 

r = Rer + 2n /1 m ( mod ^^)- Hence we have ca,^ = f^ ro Pcr ii ^(u)- Therefore, we 
obtain 

(5 8) Rec - v 7 "^ I 1 + tan 2 (^//Imr )) tanh(^//(Rer - Rer )) < 

eCA,At ~ 1 + tanh 2 (^7I(Rer- Rer )) tan 2 (^THmro) 

Thus RecA, M < is shown in general. Hence, from the identity in Theorem B, Rec\^ = 
((A,/i) G 5^ Q ) follows, where we note that cq,o = 0. In case of (i), it follows from (5.6) that 

Re ( — - — J = 0. Hence we have Rer = Rero(< oo) or r = oo. If Rer = Rero(< oo), 
\r-r J 

then we have A = £ = = TR cro (0) (which does not happen if ro is real because of 
(A, 0) G <Sy ). Also, if r = oo, then we have A = 0. Thus we have 

(5.9) Spec(A x \ Do ) C {— *— , 0}. 

rte ro 



In case of (ii), it follows from (5.7) that Rer = Rero. Hence we have A = f^ ero (fi) (which 
does not happen if ro = Rero (mod -7=) because of (A, /t) G S^ Q ). In case of (iii), it 
follows from (5.8) that Rer = Rero. Hence we have A = f> R ^ ni J/j,) (which does not 

happen if ro = Rero + 3-7= (mod -7=) because of (A, jj) G S 1 ^). Hence we have 



(5.10) Spec(^ k ) C { tanh( ^ Reror ^tanh (v ^Rer )}. 



Thus the statement (i) is shown. Furthermore, from 
SpecR(v x ) - 



{-PiaZ^x? I P G A + | R „J U {0} (rank(G/K) > 2) 
{-/3(s*" V) 2 I /3 G A+| RWB } (rank(G/if ) = 1) 
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and 

the statement (ii) follows. q.e.d. 

Next we prove Theorem D in terms of Theorem C and its proof. 

Proof of Theorem D. For each j3 G A+Ir^, we set Dp := Ker(R(v x ) + (3{g~ l v x ) 2 \d). 
According to the proof of Theorem C, the real parts of complex focal radii of M coincide 
with one another. Denote by sq this real part. Furthermore, from (5.9) and (5.10), we 
have 

Spec(^| Do ) C { — ,0} 
so 

and 

Spec(A x \ D0 ) C { - r , /%rV)tanh(/3(^V)so)} Q3 G A+| Rt) J. 



Set Z# := Ker ^ x | Do - -Ud^ , := Ker^| Do , 



L>J := Ker ( A x \ Dr - ™: _?\ - id 



ff(ff* V 
tanh^sC 1 ^)^) 



and 

:= Ker (A^ - tanh( ( 5(^ 1 v :r )so)id) . 

According to (ii) of Remark 1.2, so is a (real) focal radius of M whose focal space includes 
Dq and -Dj's (j3 G A + |r„ x ). Also the focal space does not include Dq and D¥'s (/3 G 

A+|r^). Hence the focal space coincides with Dq © © . Let rj sv (s G R) be 

the end-point map for sv. Set M s := rj sv (M). In particular, we set F := M So , which is 
the only focal submanifold of M. Define a unit normal vector field v s of M s (0 < s < sq) 
^ v r] (x) = ^v x ( s ) ( x e ^0- Denote by A 5 (0 < s < so) the shape operator of M s 
(for t> s ) and A F the shape tensor of F. Set (-Dq 7 ) 5 := (Vsv)*(D / ) (0 < s < s ) and 
(Z?P S := (r^)*(£>J) (0 < s < s , P G A+| Rt ,J. Also, set (Dq) s := fa w )„(Z>f ) (s G R) 
and (L>^) s := {r}sv)*{Df) (s G R, /? G A+| Rt) J. Easily we have 

(5.11) T„ (x) F = (D n H ) s ° © (M) s ° t A. 



Also, we can show 
and 



^.«(*)lpf); iuW = V)tanh(/3( 5 , V)(so - a)) id (0 < s < s ) 
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Hence we have 



A i (v x )\(D»y v ° aov(x) -o 



and 

\F i . _ / 1- Qf-l.. \ t „_u/o/„-l. 



^V sn (^)l(D?) s ° , , = I lim n^^* tfc) tanh(/3(&, ^)(s - s)) id = 0. 

From these relations and (5.11), we obtain A F , , = 0. Since this relation holds for any 

x G M, we have A F = 0, that is, F is totally geodesic. Also, it is clear that M is the tube 
of radius sq over F. This completes the proof. q.e.d. 




D 



H 



,{x) 



/3eA + | Rt ^ 
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